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Abstract 

We consider cocycles of isometries on spaces of nonpositive curva- 
ture H. We show that if such a cocycle has uniform sublinear drift, then 
there are almost invariant sections, i.e., continuous sections that move 
very little under the cocycle dynamics. The construction is based on an 
appropriate concept of barycenter in H. If, in addition, H is a symmetric 
space, then we show that almost invariant sections can be made invari- 
ant by perturbing the cocycle. Applying these results to the symmetric 
space H = GL(ci, R)/0(d), we conclude that if all Lyapunov exponents 
of a matrix cocycle vanish, then it can be approximated by a cocycle 
that is cohomologous to a cocycle taking values in the orthogonal group 
0(d). This extends a result of Avila, Bochi and Damanik to more general 
dynamics and arbitrary cocycle dimension. For linear cocycles with non- 
necessarily vanishing Lyapunov exponents, we show that the property of 
existence of conformal invariant structures along the Oseledets splitting 
is dense in the space of continuous cocycles. 
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1 Introduction 



1.1 Prom subexponential growth to boundedness 

A cocycle over a (continuous) map _F : $7 — > f2 is a continuous function 

A-.n^G, (1) 

where is a compact Hausdorff topological space and G is a topological group. 
We denote A^°'>{uj) := id and for n € Z+, 

A^"\uj) := A{F"-^uj) ■ ■ ■ A{Fuj)A{uj). (2) 

Notice the cocycle relation 

= A("')(F"a;)A(")(w). (3) 

Two cocycles A and B (over F) are said to be cohomologous whenever there 
exists a continuous map [/ : — > G such that 

A{uj) = U{Fu})B{u})U{ujy\ for all a; e O. (4) 

Now suppose that G is the group GL{d, R) of invertible d x d real matrices. 
Then a cocycle A: fl ^ GL(d, R) is called a matrix cocycle (or a linear cocycle). 
We say that the linear cocycle A has uniform subexponential growth if 



lim — log 

n-s-+oo n 



[A(")(w)]=^i =0 uniformly over w e fJ, (5) 



for some (and hence any) matrix norm |j-|j. (In fact, this is equivalent to the 
vanishing of all Lyapunov exponents with respect to all i^-invariant probability 
measures: see Remark 

O.) 

We say that A is product-bounde<^ if 



sup 



[^(")(cj)]±i <oo (6) 



If a cocycle A is cohomologous to a cocycle B taking values in the orthog- 
onal group 0{d), then A is product-bounded, as it is easy to check. Although 
product-bounded cocycles are not always cohomologous to cocycles with val- 
ues in 0(d) (see e.g. |KatHl Exercise 2.9.2], |Qu| ), this happens whenever F is 
minimal, according to a result shown by Coronel, Navas and Ponce in [CNPlj . 
(In the non-minimal case, one can still ensure the existence of a bounded and 
measurable conjugacy U.) 

Our first result reads as follows: 



^One should avoid confusion with the other concept of product-boundedness (studied e.g. 
in [Mo]) where one docs not take inverses in JSJ. 
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Theorem 1.1. Let A be a matrix cocycle with uniform subexponential growth. 
Then there exists A: ^ GL((i, K) arbitrarily close to A such that A is coho- 
mologous to a cocycle taking values in 0{d). 

Here, closeness is meant with respect to the uniform (C") topology on the 
space of continuous maps from into GL((i, M). 

For maps A taking values in the group SL(2, M) and under extra assumptions 
on the dynamics F, the result above was shown by Avila, Bochi and Damanik 
as a step in the proofs of their results about spectra of Schrodinger operators, 
see 

As w e wi ll see, our method of proof also allows us to obtain versions of 
Theorem ll.il for other matrix groups, as the complex general linear group and 
the symplectic group, a nd e ven certain groups of linear operators in infinite 



dimension; see Remarks 2.12 and 2.13 



The rest of this Introducti on g oes as follows. In § |1.2| . we explain the ideas 



behind the proof of Theorem ll.lL These ideas rely on the fact that invertible 
matrices act by isometrics on a natural metric s pace H; then the proof consists 
on purely geometrical constructions on H. In §§Oand[L3, we state our main 
results, which concern cocycl es of isome trics of much more general spaces H 
(and actually imply Theorem ll.ll ). In § L5, we come back to gener al m atrix 



cocycles. Combining the techniques involved in the proof of Theorem ll.il with 
a result from Bochi and Viana jBVj . we show that every matrix cocycle can 
be perturbed so that its action on the bundles of the finest dominated splitting 
become conformal. 



1.2 Sketch of the proof of Theorem ll.ll and hints of gen- 
erahzation 

Consider cocycles in the group R. In this case, we will use the letter g instead 
of A, and in additive notation the product from ([2]) becomes a Birkhoff sum: 

g(")(c.) g{io) + ■■■+ g{F--^u), g^^\uj) := 0. 

So two continuous functions g, /i : 57 — > M are cohomologous (with respect to 
the dynamics F) if there is a continuous function </? : H — >■ K such that 

g — LpoF + h^Lp. 

If h is identically zero, then g is called a coboundary. 

Using the fact that GL+(1,]R) ~ M, the case d — 1 in Theorem ll.il reduces 
to the following result: 

Theorem 1.2 (Baby Theorem: The one-dimensional case). Let g: ^ R 6e a 

continuous function. If the Birkhoff averages ;^.<7'"-' converge uniformly to zero, 
then there exists a coboundary g arbitrarily close to g. 



■^However, they haven't exphcitly stated the result: see the proof of Theorem 1 in | ABD1| 
and Proposition 6.3 in IABD2| . 
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Proof. H Define a sequence of continuous functions tpN- — > R by 



1 

<^^H = -^hg«H]. (7) 



Then 



i=0 



.g(^)(a;) 
TV 



Using the hypothesis, we conclude that the sequence of coboundaries ipNoF—(pN 
converges uniformly to g. □ 

We reread the proof above as follows: Consider the skew-product map 

G^GF,g:^'xM.^nxM. given by {uj, s) >^ {F{uj), s + g{uj)). (8) 

Then for large N, the function (p = ip^ : f2— >Risan almost invariant section^ 
in the sense that the G-image of its graph is very close to itself. What wc did 
was to modify 17 to g so that the associated skew-product GF,g leaves the graph 
of if exactly invariant. This in turn implies that g is cohomologous to the trivial 
cocycle, i.e., is a coboundary. 

Now assume d > 2. Let £ = £d he the space of ellipsoids in Mf'- centered at 
the origin. The group GL(rf, M) acts on £ in the obvious way, and this action is 
by isometrics for a certain natural distance on the space £. Moreover, for this 
distance d, a cocycle A has uniform subexponential growth if and only if 

lim — (aj)e, e) ~ uniformly over lj G il (9) 



for some (and hence any) e £ £. (See §|2^.) 

Given a linear cocycle A, consider the skew-product map G = G f,a : O x £ — >■ 
X £ given by G(w, e) = {F{lo), A{uj)e). Suppose that the map T has an invari- 
ant section, that is, a continuous map ip: fl ^ £ whose graph is T-invariant. It is 
possible to find a continuous map U : fl ^ GL{d, R) such that (p{uj) = U {uj)~^eo, 
where eo is the unit ball in R'^. Let B{uj) = U {Fuj)A{uj)U {u})~^ . The invariance 
property A{u!)(p{uj) = (p{Fuj) translates to B{uj)eQ ~ eg. Thus B takes values 
in 0(d). 

Thus to prove Theorem it suffices to perturb ^ to ^ so that the associ- 
ated skew-product has an invariant section. We can do this in two steps: 



■'This argument seems to be folklore. S ee IMOP2I : see also the proof of Proposition 6 of 
|CNP2I . For an indirect proof of Theorem 1 1.2| (using the Hahn-Banach theorem), see IKatI 
Prop. 2.13]. 
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1. We first show that if {F, A) has uniform subexponential growth, then there 
is a sequence of almost invariant sections ipN : — >■ f ; more precisely, 
the distance between the graph of (fN and its F- image tends to zero as 
N ^ oo. 

2. Next wc show that if {F, A) has a almost invariant section (p, then one can 
perturb A so that ip becomes invariant. 

Let's give clues on how to perform each of the steps: 

1. For SteplU the idea to construct almost invariant sections ipN is to imitate 
formula (O, replacing the averaging operation J2iLo^ by an appropriate 
barycenter concept. 

2. In Step [21 the perturbation A{uj) of A{uj) is obtained by left-multiplying 
A{u!) by a matrix close to the identity that takes the ellipsoid A{uj)ip{oj) 
to the nearby ellipsoid ip{Fu)). This is not as trivial as it seems, because 
these two ellipsoids may be very distorted, and moreover the correcting 
matrices must be chosen in a way that depends continuously on oj. We 
accomplish this by establishing a certain uniform homogeneity property 
of the space of ellipsoids. 

These two properties, existence of a good barycenter concept and uniform 
homogeneity, are purely geometrical. In fact, not only the space of ellipsoids 
but much more general spaces posses these properties. Besides simple con- 
nectedness, the essential ingredient for both properties is nonpositive curvature. 
(Also, for the homogeneity property, it is necessary that the space has enough 
isometrics.) Theorem 1 1 . 1 1 will then follow from a much more general result for 
cocycles taking values in the group of isometrics of a nonpositively curved space. 
We remark that this approach comes from the seminal work of Karlsson and 
Margulis |KarMj . who proved a geometric version of the Oseledets' theorem in 
this setting. (See also [Kail IKarT] .) 



1.3 The general main results: discrete time 

Let H he a, Busemann space (i.e., a separable complete geodesic space of non- 
positive curvature in the sense of Busemann), and let G := lsom{H) be its group 
of is ome trics, endowed with the bounded-open topology. (Definitions are given 



2.1 



We consider cocycles of isometrics of H, that is, cocycles A: ^ Isom(ff ) 

over a dynamics F: — >■ J7, as in ([T]). We use the notation ([5]) for the products. 
The maximal drift of a cocycle of isometrics is defined as 

drift(i^, A) lim - sup d(A^"\u)po,Po) . (10) 

n->oo n ^(zQ 

Notice that the limit exists by subadditivity, and is independent of the choice 
of pq e H. 
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Remark 1.3. It follows from Kingman's subadditive ergodic theorem that for 
every ergodic probability measure /i for F: — ^ $7, the limit 

lim id(A(")(w)po,Po) 

exists for /i-almost every a; € and is a constant (also independent of po G H). 
This is the drift of the cocycle of isometries with respect to the measure n; let 
us denote it by drift(F, A, /x). The following "variational principle" holdo 

drift(F, A) = sup drift(F, A, fi), 

where /i runs over all invariant ergodic probabilities for F. < 

We say that the cocycle has uniform suhlinear drift if drift(i^, A) = 0. By 
the Remark above, this happens if and only if A has zero drift with respect to 
every i<"-invariant probability measure. 

The displacement of a (continuous) section ip: O — > i7 is defined by 

displ(<p) := sn^d{A{uj)ip{ijj),ip{Fuj)) . (11) 
wen 

Notice that displ((y5) = if and only if the section tp is invariant, that is, 
A{uj)ip{ijj) = ip{Fuj) holds for every w G fl. 

It is not hard to show (see Proposition 14.31 ) that the displacement of any 
continuous section (p: — > iJ is at least the maximal drift of the cocycle: 

displ((y9) > drift(i^, A). (12) 

Our first main result is a converse of p^ : 

Theorem A (Existence of sections of nearly minimal displacement; discrete 
time). Assume that H is a Busemann space. Given a cocycle A:VL ^ Isom(iJ) 
over : r2 — >■ ri, for each e > there exists a continuous section ip : H 
such that displ(93) < drift(F, A) + e. 

Thus, together with (|12p . this theorem implies that the maximal drift is the 
infimum of the displacements of the continuous sections p. 



For the next result, we need extra assumptions on the space H, the most 
important being that H is a, symmetric space (see § |2.5[ ) . 

Let us say that a subset of f2 x _ff is bounded if its projection on _ff is a 
bounded set. 

Theorem B (Creating invariant sections; discrete time). Assume that H is 
• either a prope^ Busemann space; 

*This follows from |Schrl Thrm. 1] or ISSI Thrm. 1.7]. Although these references assume fl 
to be compaet metrizable, the proofs also work for eompact Hausdorff Q. (See also the proof 
of Proposition 1 in lABI .) A particular case was considered in IFul . 

^A metric space is called proper if bounded closed sets are compact. 
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• or a space of hounded nonpositive curvature in the sense of Alexandro't^. 

Also assume that H is symmetric. If A is a cocycle of isometrics of H with 
uniform suhlinear drift, then there is a sequence of cocyclcs A^ : fl ^ H such 
that: 

• each An has a (continuous) invariant section; 

• the sequence of skew-product maps GNitJ^p) — {F(uj), An(lj)p) converges 
uniformly to G{uj,p) = {F{uj), A{uj)p) on bounded subsets of fl x H . 

Remark 1.4. Wc can also show that the cocyclcs A^ given by Thcorem[B| are all 
cohomologous to cocyclcs taking values in the stabilizer in Isom(_ff ) of a point 
Pq £ H . (In the case of the ellipsoids, this is isomorphic to 0{d).) < 

Actually, the results above also hold in the a more general setting, namely 
when the trivial bundle 17 x iJ is replaced by a fiber bundle whose fibers are 
isometric to H] see Section 



1.4 The general main results: continuous time 

Now we assume that iJ is a Cartan-Hadamard manifold, that is, a complete 
simply connected Riemannian manifold (possibly of infinite di men sion, modeled 
on a Hilbert space) of nonpositive sectional curvature. (See ? |3.2| for details.) 

A semiflow {-F*} on f2 is a continuous-time dynamical system, that is, a 
continuous map (a;,t) e 17 x M_|_ ^ F^uj <E fl such that F^ = id and = 
F* o F'' for all s,t in R. 

A cocycle of isometrics (of H) over {-F*} is a 1-parameter family of maps 
A^*) : -J> Isom(7J) (where i S M+) satisfying 

(w) = id, (uj) = A(^) (F*cj) (uj) (13) 

and such that 

A^*'^ {io)p is continuous w.r.t. (t,u;,p) and continuously diffcrcntiable w.r.t. t. 

(14) 

Associated to {A*} there is a vector-field a{uj) on H defined by 

(15) 

t=o 

This defines a continuous map a: ^ Kil\{H), where Kil\{H) is the set of 
Killing fields on H. (Sec § 13.2 for the topology on Kill(i7).) Conversely, given 
any continuous map a: 12 — > Kill(i7), there is a unique cocycle of isometries 
(F*, A(*)) satisfying the ODE 

^A(*)(c.)p = a(F*c.)(AW(c^)p). (16) 

^See S l2.6l for the definitions. 



aiu:){p) ^ -A('\co)p 
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The map a is called the infinitesimal generator of the cocycle. 

We define the maximal drift of a continuous-time cocycle of isometrics in 
the same way as the discrete-time situation: 

drift(F,A) := lim - sup ^(A^*) (w)po ,Pa), po e -ff arbitrary. (17) 

Again, we say that the cocycle has uniform sublinear drift if drift(_F, A) = 0. 

A (continuous) section ip: f2 — > _ff is said to be differ entiable with respect to 
the semiflov^ if for every w G fJ, the derivative 

(18) 

exists and defines a continuous map i^':^^ TH . If is a section that is 
differentiable with respect {i^*}, then its speed with respect to {A*} is defined 
by: 

speed((p) = sup ||a(a;)(iy9(aj)) — 'y2'(w)|| , (19) 

where a is the infinitesimal generator of the cocycle. The speed is the continuous- 
time analogue of the displacement ([TT|). Notice that speed((p) = holds if and 
only if the section ip is invariant, that is, A^'^\u})tp(ui) = (p(_F'*cj). 
Analogously to p^ . we have 

speed(^) > drift(F,A). (20) 

The continuous-time versions of Theorems IaI andlsl are given below: 

Theorem C (Existence of sections of nearly minimal speed; continuous time). 
Assume that H is a Cartan-Hadamard manifold. Given a continuous-time co- 
cycle of isometrics {A^*^} of H over a semiflow {i^*} on fl, for each £ > there 
exists a continuous section ip: n ^ H that is differentiable with respect to the 
semiflow {F*} and such that speed{ip) < drift(-F, A) + e. 

Theorem D (Creating invariant sections; continuous time). In the context of 
the preceding theorem, assume moreover that H is a symmetric space and that 
the cocycle {A'*'} has uniform sublinear drift. Then there is a arbitrarily close 
to a such that the associated cocycle {A^*^} has an invariant continuous section. 

Here, the convergence of a sequence cat : 17 — > Kill(i7) to a is in the following 
sense: for each bounded subset B oi H , the sequence a Ni^M p) converges to 
a{u)){p) uniformly with respect to (w,p) a B x Q,. (See § |3.2| for more precise 
explanation about the topologies.) 

similar definition appears in |Schw| . 
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1.5 Invariant conformal structures for matrix cocycles 



We return to matrix cocycles and describe another application of out results. 

A Riemannian metric on the vector bundle J7 x Mf^ is a continuous choice of 
inner product (•, •)^ on each fiber {uj} x R"*. We denote \\v\\i^ = yj (w, v)^ . 

Theorem 1.5. Assume that F: ^ il is a uniquely ergodic homeomorphism 
with an invariant measure of full support. Then for every cocycle A in a dense 
subset C°{n,GL{d,R)) there exist: 

a Riemannian metric on the vector bundle O x M'*; 

a continuous {F, A)-invariant splitting R'' = Ei(u)) © • • • ® Ek{uj) which is 
orthogonal with respect to the Riemannian metric; 



• constants ci > • • • > Cfc > such that 

\\A{u))vi\\Tcu = c,||vj||c^ for all v.^ e E^{uj). (21) 



Theorem |L5| follows by combining the fibered versions of the previous results 
together with a result from |BVj . The complete proof is given in Section!^ where 
we also present a version of the theorem for minimal homcomorphisms. 

Remark 1.6. For another result that yields invariant conformal structures for 
linear cocycles (under different hypotheses), see jKalS] . < 



1.6 Further remarks and questions 

In the case of isometrics of the line M, there are "one-sided" versions of our 
results, as we now explain. 

Let g: — >■ M be a continuous function, and consider the skew-product 
G = Gpg given by ([S]). We define the maximal upward drift as: 

drift+(F, g) := sup [ g , (22) 

where fi runs over invariant ergodic probabilities for F^ 

li if: f2 — >■ M is a continuous section, we define its upward displacement (with 
respect to {F,g)) as: 

displ+('^) :=sup(.g + ^-V3oF). (23) 
n 

This is a measure of how much the graph of ip is moved upwards by the action 
of the skew-product G. Notice that displ^(iy9) > dvift^ {F, g) for every ip. 
The one-sided analogue of Theorem |X] with iJ = K is the following: 

Theorem 1.7. For every e > there is a continuous function 1^9: f2 — > R .such 
that displ+(.^) < drift+(i^,g) -f- e. 

*The study of this quantity (and of the measures which realize the supremum) is called 
ergodic optimization; see IJel . 
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In other words, given any g, there is g cohomologous to g such that g < 
drift^f f, q) + e. □ For an application of this result for matrix cocycles, see 
Remark |5.2| . 

Proof of Theorem\L^. Let a = drift+(i^, g) + e and let 

ipiuj) = sup (gf") (cj) - an) . (24) 

n>0 

To see that this formula gives a well-defined continuous function, first notice 
(using a Krylov-Bogoliubov argument) that there exists no € Z+ such that 
(;("■) (a;)/n < a for every n > riQ and every w G fi. In particular, one only needs 
to consider n < uq in the supremum (j24p : this shows that ip is continuous. 
Moreover, 

(p{F{uj)) = sup (f/^"^(a;) — an) — 5(1^) + a < (y5(w) — g{u!) + a, 

n>l 

as desired. □ 
We now discuss some questions that are suggested by our results. 

The study of the probability measures ^ which realize the supremum in 
((22|) is an interesting problem with rich ramifications; see [Je]. So it could be 
also interesting to study drift maximizing measures, i.e., those which realize the 
supremum in ([TU)) . 

All our results concern approximations in the C° topology. It is natural to 
ask whether the differentiability class can be improved. Ho wever, this is non- 



trivial already in the classical case (i.e., that of Theorem 1 1.2f ). where it is closely 
related to the existence of invariant distributions for the base dynamics. (See 
|Kat[ lAK] .) We do not know if such a relation can be extended to the cocycles 
considered in this work. 

It is also natural to loo k for conditions under which we can improve the 



conclusion of Theorem ll.ll and find a perturbed cocycle cohomologous to a 
constant rotation, or even to the identity. The case of SL(2, ]]i)-cocycles is 
studied in |ABD2j . We expect that progress in this direction would allow us to 
deal with the problem of gencricity of projective hyperbolicity (i.e., existence of 
dominated splittings) in the space of linear cocycles. 

A further problem is to consider linear cocycles (or even cocycles of isome- 
tries) over actions of more complicated semigroups than Z+ or M+. Again, th is is 



a difficult problem even in the classical case, where the analogue of Theorem 1 1.2 



is know to hold for nilpotcnt group actions (see |M0P2| ) but not for solvable 



^In general it is not possible to solve to solve this problem for £ = (for example, take F 
a Liouville rotation of the circle and g a suitable function). Nevertheless, this can be done 
under some hyperbolicity and regularity assumptions; see jCLTI Prop. 11], |Jel Thrm. 4.7]. 

"A similar trick appears in the proof of [CUTl Prop. 11], The result can also be proved less 
directly by using the Fenchel-Rockafellar duality theorem; see |GLI Thrm. 1]. 
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group actions (see |MOPlj ). In spite of that, it seems hard trying to show 
analogous statements for cocycles of isometries over a nilpotent group, as there 
aheady are deep open problems about nilpotent group actions by isometries of 
CAT(O) spaces (see, for instance, |ANTllPau] ). 

1.7 Organization of the paper 

Although the main ideas of the proofs of the discrete-time results and the 
continuous-time results are similar, the technical details are somewhat differ- 
ent. Thus we prove two kinds of results in a nearly independent way. 

In Section [2| we prove Theorems El E and O while in Section d we prove 
Theorems [c| and0. Along the way, we explain the geometrical tools and proper- 
ties that are required for these proofs. Some of these properties become simpler 
to prove if the space H is proper (i.e., finite-dimensional in the manifold case). 
Thus in Sections and 0, we give proofs for the proper case, and leave for Ap- 
pendices and [B] the proofs of those lemmas in the general case. A technical 
property which is needed for the proof of Theorem IdI i s proved in Appendix O 
In Section 0, we prove fibered versions of Theorems I Al and [b|, and in Section [sf. 



we apply these to prove Theorem 11.5 
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2 Proof of the results for discrete-time cocycles 
2.1 Busemann spaces 

Let (H, d) be a separable metric space. We say that iJ is a geodesic space if it is 
complete and every two points p, q in H can joined by a geodesic, that is, a curve 
7: [0,1] ^ -ff such that 7(0) = p, 7(1) = q, and d{'y{t),'-f{s)) ^ \t - s\d{p,q) for 
all s, t in [0, 1]. If these curves are unique for arbitrarily prescribed p, q, then we 
say that H is uniquely geodesic. 

The space H has nonpositive curvature in the sense of Busemann (it is 
a Busemann space, for short) if it geodesic and the distance function along 
geodesies is convex. Equivalently, given any two pairs of points p, q and p' , q' , 
their corresponding midpoints m, m' satisfy 

,/ f^ ^ d{p,p') d{q,q') 

d{m, m ) < — - — + — - — . (25) 

The family of such spaces obviously includes all strictly convex Banach spaces. 
(General Banach spaces may also be included in this category when considering 
only segments of lines as geodesies.) It also includes simply connected Rieman- 
nian manifolds of nonpositive curvature, as for example the space of ellipsoids. 
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(See ^2.9l for more details as well as the discussion of infinite-dimensional exten- 
sions of this example.) 

2.2 Bary center maps 

Given a metric space iH,d), we denote by r^{H) the space of probability mea- 
sures on H with finite first moment, that is, such that for some (equivalcntly, 
for every) po £ H one has 




d{po,p) dAi(p) < oo. 



We endow this space with the 1-Wasserstein metric Wi defined as 

Wli^i,l^)■.= inf / dix,y)dP{p,q), (26) 

where (/i | ly) denotes the set of all couplings of fi and that is, all probability 
measures P on Hx H whose projection along the first (rcsp. second) coordinate 
coincides with fi (rcsp. i/). 

Example 2.1. If /i, i/i, G V^{H) then for every A G [0, 1], 

Wi[{l - X)fi + Xvi, (1 - A)^ + Ai'2) < A • sup{d(pi,p2); Pi e suppz^j}. 

Indeed, this follows directly from the definitions by considering the coupling 
(1 — A)iH./i + Xvi X 1^2 , where i{p) := {p,p). 

For much more on Wasscrstcin metrics, see e.g. |Vij . 

Theorem 2.2. If H is a Busemann space, then there exists a map bar: V^{H) 
H that is equivariant with respect to the action of the isometrics and 1-Lipschitz 
for the 1-Wasserstein metric on V^{H). 

In particular, in the situation of Example l2.ll 

d(bar((l - X)fi + Azyi),bar((l - A)/i + Xi^2)) < X ■ sup{d(pi,p2); Pi S suppt-J. 

(27) 

We also denote 

bar(pi, . . . ,p„) :=bar-((5pi H 

n 

where Sp denotes Dirac measure on p. So it follows from (P7|) that 

d(bar(pi,...,p„_i,p„),bar(pi,...,p„_i,p^)) < -d{pn,p'n)- (28) 

n 

Henceforth, we will not need to know what precisely is the map bar above, 
although its geometrical flavor should be intuitively transparent. For instance, 
bar(p) coincides with p, while bar(pi,p2) is the midpoint between pi and p2- 
The definition of bar(pi,p2,J'3) is, however, quite involved. 
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In its full generality, the theorem above was proved by Navas in jNaj by elab- 
orating on an idea introduced by Es-Sahib and Heinich in jEH| . Nevertheless, 
for compactly supported measures /x on CAT(0)-spaces, a much more classical 
notion of baryccntcr due to Cartan (see |Ca[ p. 267]) is enough for our purposes. 
(Sec §[13 for the definition of CAT(O) spaces; see also [BKIIJoIEL].) The Car- 
tan baryccntcr of /x as above is defined as the unique point that minimizes the 
function 

Uip)^ I d\q,p)Mct)- (29) 
J H 

The fact that Cartan's barycenter is 1-Lipschitz with respect to the 1-Wasserstein 
metric is proved in [St] . 

2.3 Existence of sections of nearly minimal displacement: 
proof of Theorem H 

Proof of Theorem [3- Given a cocycle A of isometries of a Busemann space H 
over : O — > 51, wc fix any po G H ■ Wc introduce a formula analogous to ([7]): 

^^(c.) :=bar(po,A(c^)-Vo,[A(2)(c.)]-V,...,[A(^-i)(^)]-Vo) , (30) 



where bar stands for the baryccntcr introduced in Theorem \2.% Then, by 
equi variance of the barycenter, we have (see Fig.[l|): 

A{u))(pn{'^) = hax(^A{u))po,po,A{Fojy^po,...,[A'^^^'^''{Fuj)Y^po ^ 
ipNiFuj) = bar ( po,A{Fu)-^po, [^'^-''(Fc^)]" V, [^(^-^'(f c^)]' V) 

Using (f28| . we have 

d{Aiu;)ipN{u;),ifN{Fu;)) < ld(A(L.)po, [A^^-^) (^^c.)]- Vo) 
= ld(AW(c.)po,Po). 

In particular, 

displ((^Ar) < — suprf(^(^)(a;)po,Po)- 

The theorem then follows by taking ip ~ ipN with sufficiently large N (depending 
on e). □ 

Remark 2.3. The same method of proof yieds the following: There exists a fam- 
ily {iPt}tgtsl+ of continuous sections such that limT-^txs displ((y9T-) = drift(i^, yl); 
moreover ipr depends continuously on t and also on A. (Such parameterized 
sections play an important role in |ABD2j .) Furthermore, such association is 
continuous: given a continuous family A'^'^^ of cocycles (s lives in an arbitrary 
topological space), the resulting (p^^^^ arc jointly continuous. < 
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Figure 1; Checking almost invariance of the section (pjv. 



2.4 Isometries 

Recall that the displacement function of J e Isom(H) is the function 

peH^diJip),p). (31) 

Since H is a Busemann space, this function is convex. The infimum of the 
displacement function is called the translation length of J. 

On the space Isom(iJ), we consider the first-countable topology for which 
the convergence of sequences is uniform convergence on bounded subsets. This 
is called the bounded-open topology^^ 

We also endow the set C(fi, Isom(iJ)) of continuous functions from fl into 
Isom(iJ) with the compact-open topology. A sequence (An) converges to A 
in this topology if and only if for every bounded subset B of H, the sequence 
{An{u!){p)) converges to A{uj){p) uniformly with respect to {uj,p) £ x B. 



2.5 Symmetric geodesic spaces, transvections, and a dis- 
placement estimate 

We say that a uniquely geodesic space H is geodesically complete if the maximal 
interval of definition of all geodesies is K. For such a space, the symmetry at a 
point Po G H is the map apg : H ^ H that sends p to to the unique point p' 
such that Po is the midpoint between p and p' . So cTpp is an involution. We say 
that iJ is a symmetric geodesic space if is a isometry for every po S H , and 
the map (jio,p) '-^ Cpo(-P) continuous. 

^^If H is proper then this coincides with the compact-open topology, which is the usual 
topology on Isom(H); see e.g. IHel . 
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Assume that H is a, symmetric geodesic space. Following E. Cartan, we 
call a transvection an isometry of the form J = ap^ o o-p^ . If 7 : R — >• if is a 
isometric (unit-speed) parametrization of the geodesic passing through pi and 
P2, say with 7"Hpi) < 1~^{P2), then J(j{t)) = j{t + b) holds for all t G M, 
where b = 2d{pi,p2)- Wc say that J translates the geodesic 7 by length b. 

We remark that if, in addition, 7J is a Busemann space, then d{J{q), q) > b 
for all q E H; see |Paj . So the translation length of J is precisely b. 



Lemma 2.4. Assume that H is a symmetric geodesic space. Also assume that 
H is proper. Let J be a transvection that translates a geodesic 7 by length b. 
Then 

d{J{q). q)<f {b, diq, 7)) for every qeH, (32) 

where f : x — > R_|_ is a function that depends only on the space H , and 
is monotonically increasing with respect to each variable. 

Proof Define a function f : H x M+ x R+ R+ by 

f{po,b,£) = snp{d{J{q),q); J = (Tp,oapg, d{pi,po) < b/2, d{q,pa) < (] . 

The supremum is finite by propcrncss of H and continuity. Since the group of 
isometrics acts transitively on the value /(poi b,i) actually docs not depend 
onpo; can it /(6,^). Then (02) holds. □ 



Remark 2.5. It follows that under the assumptions of Lemma |2.4| . the map 
Po € H 1^ ap„ G Isom(i7) is continuous (wh ere Isom(7J) is endowed with the 
bounded-open topology, as explained in ? |2.4 ) < 

2.6 Curvature bounds in the sense of Alexandrov, and a 
displacement estimate 



In the case that H is infinite dimensional, the proof of Lemma 12.41 given above 
obviously doesn't work. Nevertheless, the lemma holds if properness is replaced 
by some curvature hypotheses, as we next explain. Readers who are not inter- 
ested in infinite dimensional applications can skip this subsection. 

Let H he SL uniquely geodesic space. A triangle A(pi,p2,P3) m H consists on 
three points pi, p2, P3 and three geodesic segments joining them. Given k < 0, 
the model space {MK,dK) is the two-dimensional plane of constant curvature k. 
If H is uniquely geodesic, then we say that H has curvature < k (resp. > n) 
in the sense of Alexandrov if for every triangle A(pi,p2,P3) m H, the following 
inequality holds for all t S [0, 1]: 

d{p3, (1 - t)pi + tp2) < (resp. >) d^ (pg, (1 - t)pi + ipa) , 

where A{pi,p2,P3) is a triangle in A/^ such that d{pi,pj) ~ di^{pi^pj) for all 
i,j in {1,2,3}. We say that A{pi,p2,P3) is a SSS- comparison trianalj^ for 



-'■^SSS stands for side- side- side. 
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A{pi,p2,P3)- Spaces of curvature < are also called CAT(0)-spaces. It is a 
standard fact that every complete CAT(O) space is a Busemann space (see |BH[ 
p. 176] or [5tl Corollary 2.5]). 

We will say that an uniquely geodesic space H has bounded nonpositive 
curvature in the sense of Alexandrov if it has curvature < and > k for some 

K<0. 



Now we have the following version of Lemma \2.4 

Lemma 2.6. Assume that H is a symmetric space of bounded nonpositive cur- 
vature in the sense of Alexandrov. Let J be a transvection that translates a 
geodesic 7 by length b. Then 

d{J{q), q)<f {b, d{q, 7)) for every q G H, (33) 

where f : M_|_ x R+ — > R+ is a function that depends only on the space H , and 
is monotonically increasing with respect to each variable. 

We leave the proof of this lemma to Appendix \^ 
Remark 2. 7. S imilarly to Remark |2.5| . we conclude that under the assumptions 
of Lemma I2.6I the map po Cz H t-^ e Isom(i7) is continuous. < 

2.7 Macroscopic uniform homogeneity 

Every symmetric space is homogeneous (in the sense that the group of isome- 
trics acts transitively). We will need however a stronger property, given by the 
following lemma: 

Lemma 2.8 (Macroscopic uniform homogeneity). Assume that H is 

• either a proper Busemann space; 

• or a space of bounded nonpositive curvature in the sense of Alexandrov. 

Also assume that H is symmetric. Then there exists a continuous map J: H x 
H — > Isom(iJ) with the following properties: 

1. J{p, q)p = q for all p, q in H . 

2. Jij), q) converges to the identity as the distance between p and q converges 
to zero. 

More explicitly, assertion [2] means that for every e > and each bounded 
subset B C H there exists S > such that d{J{p, q)r, r) < e holds for all r G -B 
whenever d(j), q) < 5. (Notice that p and q are not restricted to a bounded set.) 

Proof. Fix some po G H, and consider the transvection (see Fig. [i]): 

J{p, q) := am ° fpo > where m is the midpoint between ap^ (p) and q. (34) 

Applying the Busemann inequality (j25|) to the points ap^ (p), p and q, we ob- 
tain d{po, m) < ^d{p, q). Therefore, the length by which the transvection J( p, q) 
translates 7 is at most d{p,q). So assertion [2] follows directly from Lemma |2. 4 



or Lemma 1 2. 6l . according to the case. □ 
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Figure 2: m is the midpoint between q and Gp^{p). The isometry J{p,q) :— a„T, o apg 
sends p to g and translates the geodesic joining po and m by length 2d(po, m) < d(p, q). 



Remark 2.9. In the case where H is the hyperbolic plane, Lemma |2.8| follows 
from Lemma 5 from |ABDlj . Actually, our formula (p4| reproduces the con- 
struction of that paper in this particular case. < 

2.8 Creating invariant sections: proof of Theorem [bI 

Proof of Theorem [3. By Theorem [aI. there exists a sequence of sections tpN 
such that linijv-s-oo displ((^7v) = 0. Define 

ijv(w) = J{A{u:)lpn{uj), ^n{.Fuj)) o A{uj), (35) 

where J is given by Lemma |2.8| . Then: 

• Af4{Lo)LpN{Lo) = ipn{Flu), that is, fN is Ajy-invariant. 

• for each bounded subset B oi H, the sequence An{uj)p converges to A{uj)p 
uniformly with respect to € i? x 57. 

Thus the theorem is proved. □ 

Let us notice some extra properties of the invariant sections we have just 
constructed. 

Remark 2.10. Take any point po G H and consider Bn{uj) = U{Flu)^^ o An{uj)o 
U{uj), where U{lu) = J (pq , ip pf (uj)) . Then Bj^ is a cocycle cohomologous to A^ 
that takes values in the stabilizer of Pq. This justifies Remark 
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Remark 2.11. Let us see how to obtain certain "accessibility" properties, which 
play an important role in |ABD2j . 

First, we extend the family {ipN}Nei,+ to a family {(pt}t£R by letting 

>ft{uj) :=bar((l-t + A^)5^„(„) + (t-iV)5^„_^^(^)), where = [t\. 

Then displ(pt — > as t +00. Repeating the construction of the proof of 
Theorem IbI we conclude the following: For every cocycle A with uniform sub- 
linear drift, there exists a continuous family of cocycles At,tCz [0,oo], satisfying 
Aoo = A and such that for each t < 00, At has a continuous invariant section ipt 
(that also depends continuously on t). Moreover, such correspondence is contin- 
uous: given a continuous family A{s) of cocycles (s in an arbitrary topological 
space), the resulting At{s) and (pt{s) are jointly continuous. < 



2.9 Proof of Theorem 1.1 



Fix an integer d > 2. The space £d of ellipsoids in R'' centered at the origin can 
be identified with the space Pos^ of symmetric positive definite dxd matrices; to 
each such matrix P, we can associate the ellipsoid {u G M''; {P~^u, m)ouc1 < 1}- 
Notice that Pos^ also identifies with the cosets space GL{d,M.)/0{d) by writing 
each P above in the form P = xx'^ , with x G GL{d,M.). 

Let us recall some facts about the space PoSd; see [Lanl Chapter XII] for 
details. The vector space Sym^ of symmetric dxd matrices identifies with the 
Lie algebra of Pos^. Moreover, we have Pos^ = exp(Sym^), where exp is the 
usual exponential map for matrices. Consider the following inner product on 

{v,w)id = ti{vw). 

(The reason of the id subscript will be clear soon.) Using this inner product, 
we may define a Riemannian structure on Pos^. Wc identify the tangent space 
of PoSd at a point x G Pos^; with Sym^ (just regarding Pos^ as an open subset 
of the vector space Sym^), and for each v, w in T^^PoSd ^ Sym^; we set 

{v,w)x = {x^'^V,X^^w)id. 

Endowed with this metric, the space Pos^ has nonpositivc curvature. Moreover, 
the group G = GL((i, R) acts by isometrics on Pos^ as follows: 

g : x^ g{x) -.^ g ■ x ■ g"^ , 

where g"^ is the transpose of the matrix g. (In terms of the identification of Pos^ 
with £d, this corresponds to taking the image of the ellipsoids under g.) In fact, 
every isometry of Pos^ is of this form. The stabilizer of the identity matrix is 
the orthogonal group 0{d). 

Finally, let us recall a formula for the distance between two points x,y in 
Posd- Namely, letting Ai, . . . , Ad be the roots of dct{ty — x) — 0, we have 

d 

dpos,(x,2/) = ^(logA,)'. (36) 

1=1 
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In particular, the distance from x S Posd to the identity equals the sum of the 
squares of the logarithms of its eigenvalues. 

Proof of Theorem ll.A . Due to formula Eq. (36), a matrix cocycle has uniform 
subexponential growth if and only if the associate d co cycle of isometrics of Pos^ 
has uniform sublincar drift. Therefore, Theorem follows from Theorem IbI. 

□ 



Remark 2.12. Using |BH| Theorem. 10.58], we see that Theorem ll . ll can be ex- 
tended to other groups of matrices, as complex matrices, quaternionic matrices, 
and syniplectic matrices (in each case, the cohomologous cocycle after perturba- 
tion takes values in the corresponding maximal compact subgroup). The main 
ingredient is that these groups of matrices act by isometries on certain CAT(O) 
spaces, namely, the associated symmetric spaces. < 

Remark 2.13. Let H be infinite-dimensional separable real Hilbert space. Let 
GL^(oo,R) be the group of all invertible operators on Ji that may be written 
in the form Id -I- L, where L is a Hilbert-Schmidt operator. Let O^(oo) be the 
orthogonal subgroup of GL2(cx),K). Then H := GL2(oo, M)/02(oo) IS a sym- 
metric Cartan-Hadamard manifold on which GL^(oo,R) acts by isometries; see 
|Lar| . Hence, Theorems IaI and[B| apply to this space. In particular. Theorem Ll 
extends to cocycles of this kind of operators. 

Consider now the space GL(oo, M)/0(oo), where GL(oo, M) is the group of all 
bounded invertible operators on H, and 0(oo) is the orthogonal subgroup. This 
is a Busemann space (see [CPR] ). so Theorem can be applied to GL(oo,R)- 
cocycles. Although this is also a symmetric space (as well as a Banach-manifold), 
we don't know if Theorem IbI applies. < 



3 Proof of the results for continuous- time cocy- 
cles 

3.1 Cartan-Hadamard manifolds 

Assume 77 is a Hilbcrt-manifold, that is, a separable C°°-manifold modeled on 
a separable real Hilbert space {H, (•, •)). Fix a Riemannian metric on H. (See 
|Lan| for the precise definition.) 

If H is complete, simply connected, and has nonpositive sectional curva- 
ture, then H is called a Cartan-Hadamard manifold. In this case, the Cartan- 
Hadamard-McAlpin Theorem (see [Lan) § IX. 3]) states that for each point 
p Cz H , the exponential map exp^ : TpH — >■ iJ is a diffeomorphism. 

3.2 Killing fields and symmetric Cartan-Hadamard man- 
ifolds 

Here we recall some general facts about symmetric manifolds and Killing fields; 
more information can be found in [Lani Ch. XIII]. 



20 



If H is Hilbert-manifold, a Killing field is a vector field that generates a 
(globally defined) flow of isometries. Then the flow also preserves the Rie- 
mannian connection. On the space YJi\\{H) of these fields, we consider the 
first-countable topology for which the convergence of sequences is uniform con- 
vergence on bounded subsets. 

We endow C{Q.,¥Ji\\{H)) with the compact-open topology. Then a sequence 
(a„) in C(f2, Kill(iJ)) converges to a iff for every bounded set i? C H, j|a„(aj)(p) — 
a(w)(p)|| converges to uniformly with respect to G SI x S. 

Now l et H be a Cartan-Hadamard manifold. Suppose it is symmetric in the 
sense of ? |2.5|F^ If vq e Tp^H is a nonzero vector, let a : M — )■ be the geodesic 
such that a{Q) = poi Q^'(O) ~ vq. Consider the transvcction 

Then Tq^s is a flow of isometries called the translation along a. More precisely, 
we have Ta.s{a{t)) = a{t + s). Moreover, the derivative 

is the parallel transport along the geodesic a. Let denote the Killing field 
that generates the flow r„^s. (For = 0, we define = 0.) Then the map 
Vq G TH g Kill (if) is continuous. 

As it is customary, we denote by rripo the set of Killing fields , where 
Vq € Tp^^H. This is a vector space, and it can also be expressed as 

= {C e KiU(i7); Vc^(p) = for all vector fields C}, 

where V denotes covariant derivative. 

3.3 Infinitesimal displacement estimates 

The following lemma is the infinitesimal counterpart of Lemmas 12.4 and |2.6| : 

Lemma 3.1. Let H be a symmetric Cartan-Hadamard manifold. There is a 
non- decreasing function f: — > M_|- with /(O) = 1 such that 

(I) (11) 

\\V0\\ < UvoiP)\\ < /(rf(P,Po))|ko|| 

for all po, p e H, Vq e Tp„H . 

Inequality (1) above is related to nonpositive curvature; let us prove it first: 



Proof of part (I) in Lemma \3.i . Fix po, p £ H , vq € Tp^H. Assume vq ^ 0, 
otherwise there is nothing to prove. Let /3 be a unit-speed geodesic joining po 
and p. Let ri{t) := ^voWit))- Then (see [Laiil Prop. 2.2, Ch Xlll]) ?/ is a Jacobi 
field over the geodesic /3. By [Lanl Prop. 5.6, Ch. Xlll], we have V/3'77(0) = 0. 



'it is easy to check that this agrees with the definition from |Lanl p. 359]. 
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Let g{t) := By nonpositive curvature, this function is convex: see |Lanl 

Lemma 1.1, Ch. X]. The same lemma also says that g' = 2(V^'?7,77), which 
vanishes at t = 0. It follows that g{t) > g{0) for all i e R. In particular, 
ll^uo(p)lP — ll^t'o(Po)|P = ll'^^olP, thus completing the proof of inequality (I). □ 

If H is finit e-dimensional then the existence of a function with property (II) 
in Lemma b.ll is nearly trivial, and docs not rely on nonpositive curvature: 



Proof of part (II) in Lemma lS.A assuming dimH < oo. Consider 



fipoJ) sup{||C„o(p)||; peH with d{p,po) < £, va G Tp„H with H-yoU = l}, 

which is finite by compactness. Since Isom(_ff ) acts transitively on H, the value 
f{po,i) actually does not depend on po, and so defines a function f{po) with 
the required properties. □ 

The proof of (II) in the infinite-dimensional case requires geometrical argu- 
ments and is given in the Appendix [BJ 

3.4 Infinitesimal uniform homogeneity 

The following is an i nfinitesimal version of the macroscopic uniform homogene- 



ity, i.e.. Lemma 12.81 . It basically says that we can move any point p in any 
desired direction w by an infinitesimal isometry (Killing field), and these fields 
can be chosen so that they converge uniformly (with respect to p) in bounded 
sets to zero as IjuiH — )■ 0. 

Lemma 3.2 (Infinitesimal uniform homogeneity). Let pa Cz H . There is a 
continuous map 

K :TH ^ K\\\{H) 
w I— >■ Kyj 

with the following properties: 

1. The vector field extends w, that is, if p — t:{w) G H is the base point 
of w, then K^^,(j)) = w; 

2. For any q Cz H , 

\\KUq)\\ <f{diq,Pomwl 



where f is given by Lemma\3. 



Proof of Lemma \3.2i . Let pq H he fixed. For p £ H, consider the map 

Lp-. TpgH — > TpH 



We list below some properties of Lp 
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• It is linear: see |Lanl p. 363]. 

• It is continuous: sec part (II) of Lemma l3.ll . 

• It is one-t o-on e, and the inverse (on the image) is continuous: see part (I) 



of Lemma 3.1 



It is onto: see Lemma iB.ll in Appendix [BJ (In finite dimension, this part 



would of course be a trivial consequence of the others. 



Given w e TpH, define K^, :~ ^{Lp)-^{w)- Using parts (II) and (I) of Lemma l3.1 
we have 

\\KU<l)\\ < f{d{q,Pomi<M\\ 

< fidiq,pomw\\- □ 

Remark 3.3 . It is possibl e (b ut with no advantage) to give an alternative proof 



Lemma l2.8l using Lemma l3.2l : Given two points p and q, join them by a geodesic 



7: [0,i] — )• H, a nd i ntegrate the time- varying Killing field K^i/^f-j (where K is 



given by Lemma l3.2l ) to get the map J{p, q). (In fact, the first proof of Lemma 5 
from [ABDl] followed a similar idea, but this proof wasn't published because a 
more direct proof was found.) < 

3.5 Existence of sections of nearly minimal speed: proof 
of Theorem [c| 

For each p Cz H, wc let 6p or S{p) denote the Dirac measure at the point p. If 
7: [a, 6] — >■ is a curve, we denote by S{'-f{t)) dt the measure on H obtained 
by pushing-forward by 7 the Lebesgue measure on [a, b]. 

In the proof of Theorem Q we will need the following technical result, whose 
proof is given in the Appendix [Cl 

Lemma 3.4 (Differentiability of the Cartan barycenter). Let I be an open 
interval and let h: I x [0,T] H be a continuous mapping that is continuously 
differentiable with respect to the first variable. Then the map h: I H defined 
by 

h{t) = bar ( ^ [ Shit.s) ds ] (37) 



(where bar denotes the Cartan barycenter) is continuously differentiable. 
Proof of Theorem\^. Fix any po ^ H . For T > 0, let 

M^) = bar ( i r 5{[A('\oj)r^po) dt\ (38) 



(Compare with pO]).) 

Claim. The function ipT : ^ ^ H is differentiable with respect to the semiflow. 
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Proof of the claim. We have 



So, by Lemma l3.4l . in order to check that the map ipTiF^td) is contimiously 
difFerentiable with respect to t, it is sufficient to check that the map (s, t) i->- 
[A^'^\F*u))]~^Po G H is continuous and continuously diiTerentiable with respect 
to t. But these properties follow from the cocycle identity p3)) and the regularity 
assumptions ((M]). □ 



Next, we want to estimate the distance: 

d(yPr(j^*c.),AWMy>TM) =rf( [v4(*)H]-^(y>T(f*c^)) ,¥>TM). (39) 

(*) 

Assuming t e (0,T), we have 

W =bari^'^<5([A(*)H]-i[A(-^)(^^*c.)]-Vo) ds 
= barl^'^<s([A(^+*)H]-Vo) ds 
= h^T^ 1^"^^' 5{[A^^\oj)]-'po) ds. 
Using the barycentcr property (p7|) , we obtain that the distance ((39|) is at most 

|sup{d([A(^)M]-Vo,[A(«)H]-Vo); se[0,tlue[T,T + t]] . 

Dividing by t and making t — > 0, we obtain 
In particular, 

speed(v3T) < sup —d{A^'^^{uj)po,po). 
The theorem follows by taking ip ~ ipN with sufficiently large N. □ 



3.6 Creating invariant sections: proof of Theorem [D 



Proof of Theorem [3. ByThcoremH, there exists a sequence of sections ipx such 
that limT-i-oo spccd(iy9T) — 0. Let K{w) — be the map given by Lemma |3. 2 . 
Define 

aT{uj) — a{uj) + K{(p'rp[uj) — a(a;)(iy9T(w))) . (40) 
(Compare with ([35]) .) Then: 
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• aT(w)((^T(w)) = ip'rp{uj), that is, lpt is an invariant section for the cocycle 
generated by ar- 

• for each bounded subset B of H, the sequence aT{ijo){p) converges to 
a{Lo){p) uniformly with respect to (ci;,p) € -B x $7. 

Thus the theorem is proved. □ 



4 Fiber bundle versions 

In this section, we consider fiber bundles more general than fl x H, and we 
discuss how to extend some of our results to this setting. We will only deal 



with the discrete-time case, which is needed for the proof of Theorem 1 1.5l The 
continuous-time situation should be similar, but we do not dwell upon it here. 

As before, let be a compact Hausdorff space, and let H be a Buscmann 
space. (More hypotheses on H will be imposed along the way.) Endow the 
group Isom(7J) with the bounded-open topology. 

Let S be a fiber bundle with base space il, fiber H, structural group lsom{H), 
and bundle projection tt : E 17. Thus each fiber tt"^ (w) is a metric space (non- 
canonically) isometric to H. For simplicity, we say that E is a fiber bundle with 
H fibers. 

Lemma 4.1. The bundle E admits sections, i.e., continuous maps </?: $7 — )■ E 
such that TT o (ys = id. 

Proof. Take a (continuous) partition of unity {/i, . . . , /„} in 17 such that each 
fi is supported in an open set Ui, where ipi: Ui x H ^ TT~-^{Ui) is a bundle 
chart. Choose any pq € -ff, and define a map 17 — > E by the formula 



ip{uj) := bar^-i(„) ^ f,{uj)5^^ 



where bar^-i(-;^) is the baryccnter on the fiber over lo. It follows from the 



continuity properties of the barycenter (Theorem l2.2r ) that ip is continuous. □ 



Let 17 — > 17 be a continuous map. Let G: E — > E be a bundle map over 
F, that is, a continuous map G acting isometrically on the fibers and satisfying 

TT o G = F o n. 

Example 4.2. If A : 17 — >■ Isom(iJ) is a cocycle of isometrics, then we can 
consider the map G{ijJ,v) = {F{uj), A{u!)v) on the trivial bundle E = 17 x iJ. 

In order to keep our formulas similar to the trivial bundle case, we introduce 
the following notation: For a; G 17 and n E Z+, let A"(a;) := G^\ll!)\tt~^{uj). 
This is an isometry from tt~-^{uj) to 7r~^(F"aj). Also denote A^{uj) := A{uj). 

The maximal drift of G is defined as 

drift(G) := lim - sup d(A^''\uj)ip{Lj), ip{F"uj)) , (41) 

n->oo n „gf2 
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where Lp is any (c onti nuous) section of the fiber bundle (whose existence is 
assured by Lemma [iilh . 

The displacement of a section (/s : 17 — > E is defined by the same formula 

Proposition 4.3. For any section (p, we have displ((^) > drift(G). 
Proof. We have 

n-1 

d{A^'''>{uj)ip{Lj),ip{F"uj)) <Y,d{A^'+^'>{F"-'-^uj)ip{F''-'-^uj)ip{F''-'uj),A^'\F''- 

1=0 
n-1 

< J2 d{A{F"''-^uj)^{F"-'-^uj)^{F"''uj)) 

i=0 

< n displ((y9). □ 

Even though it is obvious how to restate Theorems and [b| to the fiber 
bundle setting, we will do it for the reader's convenience: 

Theorem E (Fibered version of Theorem IaI) . Assume that H is a Busemann 
space. Let Y, be a fiber bundle with H fibers, and let G: S — ^ E be a bundle map 
over F. Then for each e > there exists a continuous section ip: Q, ^ H such 
that displ(v3) < drift(G') + e. 

Let us say that a subset i? C S is bounded if for some (and hence any) 
section (ySp : — > E, the function y € B i-^ d{y, ipo{T:{y))) is bounded. 

Theorem F (Fibered version of Theorem Q). Assume that H is 

• either a proper Busemann .space; 

• or an Alexandrov space of bounded nonpositive curvature. 

Also assume that H is symmetric. Let T, be a fiber bundle with H fibers, and let 
G : Ti Yj be a bundle map over F . //drift(G) = 0, then there is a sequence of 
bundle maps Gn over F .such that: 

• each Gn has a (continuous) invariant section; 

• Gjv converges to G uniformly on bounded subsets o/E. 

Let us explain how to adapt the proofs: 

Proof of T heor em Let (/^i : — > E be a section (whose existence is assured 
by Lemma lO). Modify ^ to: 

ipNiio) := bar (^i(c.), [A{L,)r\ip,{FLo)), [A(^-i)(c^)]-1(^i(F^-1c^))) . 

In a similar way as before, one easily checks that this sequence has the required 
properties. □ 
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Proof of Theorem\^. For po, p, q e H, let Jpg{p,q) = J{p,q) be defined by 
formula p4p . Notice that Jpoip,Q) also depends continuously on pq, and the 
following equivariance property holds: 

JiiPo)iIip)^Ii'l)) ^I°Jpo(P,<l) ° for every / € Isom(i7). 

As a result, Jp^ (p, q) also makes sense if po, P^ Q belong to a same fiber of S. 

We take a sequence of almost invariant sections ipN given by Theorem [2, 
and define bundle maps Gat by a formula analogous to l\'S5\i : 

A^iuj) = J^i(„)(yl(a;)v3jv(w),<^Ar(Fw)) o A{oj). 

In a similar way as before, one easily checks that this sequence has the required 
properties. □ 



5 Invariant conformal structures 

Here we prove Theorem I l.Sl . Before giving the proof, we need to observe a few 

geometrical facts.^ 

Recall from ^ |2.9| that the space of ellipsoids in R'* identifies with Pos^. In 
a similar way, the space of conformal structures on M'' identifies with the space 
SPosd of positive matrices of determinant 1. This space can be also endowed 
with a Riemannian metric of nonpositive curvature, and the group GL((i, R) 
acts on it by 

g: X 1-^ g{x) := |det g\~'^^'^ ■ g ■ x ■ g"^. 

The distance in SPos^ between two elements x, y there is still given by for- 
mula this follows from the fact that SPos^ is a totally geodesic subspace 
of Posd (see |Lanl p. 334]). 

Proof of Theorem 

HI- Assume F: il — > is a homeomorphisrrF^ with a unique 
invariant probability /x, and supp /i = fl. Take any A G C°{fl,GL{d,M.)); we 
will explain how to perturb it so that it has the desired properties. First, by 
|BV| . one can perturb A so that the along /it- almost every orbit, the Oseledets 
splitting is trivial or dominated. Let 

R'^ ^ Ei{uj) ® ■ ■ ■ ® Ekiuj) (42) 

be the finest dominated splitting of the cocycle, that is, the uniguj^ everywhere 
defined global dominated splitting with a maximal number k of bundles (with 
fc = 1 if there is no dominated splitting). 

We claim that for almost every point, there are exactly k different Lyapunov 
exponents. Indeed, on the one hand, there are at least k different exponents 
because there is a dominated splitting with k bundles. On the other hand, if 
there is a positive measure set of points with more than k different Lyapunov 

^^Invertibility of the dynamics is needed for having an Oseledets splitting. 
^^See IBDVI for details on finest dominated splittings. 
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exponents, then one can select a point whose orbit is dense on f2 (because the 
invariant measure has fuh support) and such that the Oseledets sphtting along 
this orbit is dominated. Since dominated splittings extend to the closure (see 
|BDV) ) ■ one gets a global dominated splitting with more than k bundles; this is 
a contradiction. 

For each i = 1, . . . ,k, let Ai be the restriction of A to the bundle Ei; then 
Ai is continuous. Consider the fiber bundle of conformal structures on Ei, and 
let Bi be the fiber bundle automorphism induced by Ai. It follows from the 
previous remarks about the space of conformal structures that Bi has uniform 
sublinear drift. Using Theorem k times, we perturb A so that each Bi has a 
continuous invariant section, i.e., each Ai has an invariant conformal structure. 
Choose a (continuously varying) Riemannian metric on the vector bundle J7 x M'' 
with respect to which Ei is orthogonal to Ej if i ^ j, and whose restriction to 
each Ei induces the conformal structure obtained above. So there are continuous 
functions (/s^ : — > E such that 

II^«I|f(c.) = e^'^"^||i'L ior aWve E,{uj), (43) 

Let Ai S M be the Lyapunov exponent of A\Ei. T hen the Birkhoff averages 
of the functions —ipi + Ai tend to zero. By Theorem 1 1.2| (and its proof), there 
are functions ipi (close to ipi) and ijji such that 

~ipi + Aj = V'i oT -ipi. 

Let A be the perturbation of A defined by 

A[v) = e'^.M-v.(")^(„) 

Define a new Riemannian metric ||-j|* with respect to which the splitting (j42p 
is still orthogonal, and such that 

v&E,{u:) ^ \\v\\l :=e'^''(-)||t-|l„. (44) 

Then for all v e Ei{uj) we have 

This shows that the cocycle A has the desired properties. □ 



Remark 5.1. It is clear that there is a fibered version of Theorem 1.5, with a 



nearly identical proof. < 



Remark 5.2 . The conclusion of Theorem ll.5l is obviously false if F is not uniquely 



ergodic (because if A e 2? then the Lyapunov exponents of A do not depend on 
the invariant measure). Nevertheless, under the assumption of minimality, one 
should still be able to obtain invariant conformal structures. 

It is claimed in |AB| that for generic matrix cocycles over a minimal home- 
omorphism of a finite-dimensional compact space, the Oseledets splitting with 
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respect to any invariant probability coincides almost everywhere with the finest 
dominated splitting. The paper |ABj provides a proof for the case of SL(2,]R) 
cocycles. Assuming that claim, one can show the following result: 

Let F : Q ^ CI be a minimal homeomorphism of a finite- dimensional compact 
set n. Then for every cocycle A in a dense subset C'^{fl, GL(d, M)) there exist: 

• a Riemannian metric on the vector bundle x R"^ 

• and a continuous {F, A) -invariant splitting = Ei{uj)(S>- ■ •®i?fe(ti;) which 
is orthogonal with respect to the Riemannian metric 

such that the restriction of A to each suhbundle Ei is conformal. Moreover the 
continuous functions q : f2 — > M-|- defined by (|2ip satisfy ci(w) > C2(w) > • • • > 
Cfc(w) for all uj € Q.. 

The proof is similar to that of Theorem I l .sl. u sing the claim from IAB| in the 



place of the result from [BVj , and Theorem Il.Tl in the place of Theorem 11.21 . < 



A Appendix: The displacement estimate for non- 
proper spaces 



In this appendix, we prove Lemma |2.6| . We will actually obtain an explicit 



formula for the function /. Some preliminaries are needed. 



A.l Angles and more comparisons 

Proposition A.l. Let H be a space of curvature < k (resp. > k, with k <0). 
Let 7i, 72 be two geodesies such that 71 (0) = 72(0) = Po- For each t > 0, 
s > 0, consider the triangle A(po, 7i(t), 72(5)), and let A{po,pi^t,p2,s) be a 
SSS- comparison triangle in M^- Let 6i^{t^s) be the angle at the vertex po- Then 
the function 0K,(t,s) is monotonically nondecreasing (resp. nonincr easing) with 
respect to each variable. 

Proof See [XBN] . □ 

In particular, the limit of 6^{t^ s) as s — ?> exists. (Notice that the limit 
actually does not depend on k.) It is called the ang le between 71 and 72 at pq. 

An immediate consequence of Proposition lA.ll is that if H has curvature 
< K (resp. > k) then the angles of a SSS-comparison triangle in M„ are smaller 
(resp. greater) than or equal to the corresponding angles for the triangle in H. 

If A(pi,p2,P3) is a triangle in H and /\{pi,p2,P3) is a triangle in such 
that the angles at the vertices pi and pi are equal and the corresponding sides 
at these vertices have equal lengths (i.e., di^{pi,pj) = c'(PbJ'j) ^O'' J — 2, 3), 
then we say that A(pi,p2,P3) is a S AS- comparison trianaW^\ for A(pi,p2,P3)- 

^^SAS stands for side-angle-side. 
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Lemma A. 2. Let H be a uniquely geodesic space of curvature > k (where 
K < 0). Let A{pi,p2,P3) be a triangle in H, and let A(j)i,p2,P3) be a SAS- 
comparison triangle in (with equal angles at vertices pi andpi). Then: 

1. The side P2P3 is shorter than or has the same length as the side P2P3. 

2. If the angles at p2 and p^ are less than 7r/2, then the angle at p2 (resp. 
p^) is larger than or equal to the angle at p2 (resp. p^). 

Proof. Consider a triangle A(pi,p2,P3) in H (which we assume has curvature 
> k). In Mk, we take a SAS-comparison triangle A{pi,p2,P3) (so that the angles 
at pi and pi are equal) and a SSS-comparison triangle A(gi, (72, (Zs)- Then the 
angle at qi is less than the angle at Pi. Thus, to complete the proof of the lemma, 
we need the following facts about plane hyperbolic geometry, whose proof we 
will leave as an exercise. 

Claim. Suppose A((7i, (72, 93) and A{pi,p2,P3) are triangles in (where n < 
0) so that the angle at vertex ri is bigger than the angle at vertex qi , and the 
adjacent sides are equal. Then: 

1. The side P2P3 is bigger than the side (72'?3- 

2. If the angles at p2 and p^ are both less than 7r/2, then they are smaller 
than the angles at q2 and q^, respectively. 

□ 

A. 2 The displacement estimate 

The following is a more precise version of Lemma 12.61 : 

Lemma A. 3. Assume that H is a geodesic symmetric space of bounded non- 
positive curvature in the sense of Alexandrov. Let k < be a lower bound for 
the curvature. Let J be a transvection that translates a geodesic 7 by length b. 
Given q G H, let s = d{J{q),q), £ = d{q,^), and X = \J—k. Then 

cosh As < cosh^ — cosh^ 2\l + sinh^ — cosh 2\l - cosh — sinh^ 2A£. (45) 
- 2 2 2 ^ ' 

Proof. Multiplying the metric by a constant, we can assume that k = — 1, i.e., 
A = 1. 

Let J be a transvection that translates a geodesic 7 by length 6, and let 
q€ H. Let s = d[J{q),q) and £ = d{q,^). We can assume that 6 > (because 
for 6 = formula (|45|) means s = 0) and (. > {) (because for ^ = formula (|45p 
means s <b). 

Let Po be the point in 7 which is closest to q. Let pi be the midpoint of po 
and J{po), then J ~ a^-^ o a^^. Consider the triangle with vertices po: V\i ^-nd 
iTpji(g). The angle at vertex Pn is 7r/2; let oi and /3 the angles at vertices p\ and 
cTpg^q), respectively. See Fig.y. 
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Figure 3: Proof of Lemma I A 



Now consider a SAS-comparison triangle in hyperbolic plane M_i, more 
precisely a triangle in M_i with two sides b/2 and £ and angle between them 
7r/2. L et a , f3 be the respective angles, and let d/2 be the third side. By 
Lemma I A. 2| . we have 

d<d, a>a, l3> 
By the law of cosines in M_i, we have: 



cosh — 
2 

By the law of sines in M_i, we have: 



sinh ■ 



cosh - cosh i 
2 



sinh^ 



sma 



(46) 



(47) 



By the law of cosines in H (an inequality which comes automatically from 
the curvature lower bound), we have: 



cosh s < cosh d cosh 2£ — sinh d sinh 2i cos /3 

< cosh d cosh 2£ — sinh d sinh 2i sin a 

< cosh d cosh 2£ — sinh d sinh 2i sin a 

< cosh c? cosh 2£ — sinh d sinh 2£ sin ci 



(law of cosines) 
(since a + f3 < tt/2) 
(since a < a < tt/2) 
(since d>d>2£) 



2 cosh^ — — 1 I cosh 2^—2 sinh — cosh — sinh 2£ sin a. 
2 2 2 
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Substituting (|^ and (|T7)) and manipulating, we get dJS]). □ 

Remark A. 4. Fig. is not necessarily contained in a "two-dimensional" totally 
geodesic subspace. In that particular case, it is possible to show that the fol- 
lowing improved version of (|45l) holds: cosh As < cosh A& cosh^ A£ — sinh^ A£. 
Moreover, ii H ^ ^I-X^ , then this becomes an equality, expressing the summit 
s of a Sacchcri quadrilateral as a function of the legs £ and the base b; see |BK| 
p. 104]. < 



B Appendix: Some lemmas on Killing fields 

Proof of part (II) of Lemma lS. A . Let k be a lower bound for the sectional cur- 
vature of H. (Notice that k > — oo even if H is infinite-dimensional. Indeed, 
since isometrics act transitively on H, it is sufficient to show that sectional cur- 
vature is bounded at each point; but this follows directly from the boundedness 
of the Riemann tensor.) We will show that (II) holds with 

f{i) :=cosh (2^/^•£) . 

Fix po, p & H, vq ^ Tp„H. Assume vq 7^ 0, otherwise there is nothing to 
prove. Let a be the geodesic passing through po with velocity vq- Let (3 be 
a unit-speed geodesic joining pq and p. Let r/{t) = ^voil^it))- Then (see |Lanl 
Prop. 2.2, Ch XIII]) 77 is a Jacobi field over the geodesic (3. 

In view of the Raueh-Berger comparison theorem (see [B H ICE] ), in order to 
show that 

h(t)|| </(d(/3(t),a))|K,o|| </(t)||«o||, (48) 

we need only to consider that case that H is the hyperbolic plane of constant 
curvature k. But then it is a simple calculation; actually, in this case, the first 
inequality in (|48|) becomes an equality. □ 

Lemma B.l. Let H be a symmetric Cartan-Hadamard manifold. For any pa, 
p G H , V G TpH, there exists x S Tripo such that xip) = v. 

Proof. Let £ = d{p,po). Assume £ > 0, otherwise the claim is trivial. Let 
p-.R^Hhethe geodesic such that /3(0) = po and /?(£) = p. Let q = P{-£). 
There is a Jacobi vector field 7] over /? such that 

v{£) = v, vi-e)^0- 

(The existence of 77 follows from the Cartan-Hadamard-McAlpin theorem; see 
[Lanl § IX. 3] and |Lanl Thrm. IX. 3.1].) We claim that ^277(0) is the sought-after 
Killing field. 

Let a ~ (Jpg be the symmetry at po; then a{/3{t)) ~ P{~t). Let C, be the 
Jacobi field over j3 obtained by pushing-forward 77 by cr, that is, 

Q{t)=Ta{l3{-t))-r^{-t). 
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X 



Po 



<^pa (P) 



Figure 4: The Jacobi field rj, its reflection and the field X = ~ C- 

Consider the Jacobi field x = V - C. (See Fig. i) 
The isometry a preserves covariant derivative, so 

V^<(i) = -ra(/3(-t)).V^,77(-t). 

Taking t = 0, we get V^'x(O) =0. As a consequence (use jLanl Prop. Xin.5.6]), 
the Jacobi field x over /3 can be extended to a Killing field x G iTipo- This is 
exactly .^^^(o) = 6»7(o) ■ D 

C Appendix: Differentiability of the Cartan barycen- 
ter 



In this appendix, we give the proof of Lemma 13.4 . 

Assume H is a. Cartan-Hadamard manifold. Let /i be a probability measure 
of bounded support (p.o.b.s.) on H, and let f ~ f^hc given by ([29]) . 

Lemma C.l. The gradient vector fiel^\ of f is given by: 

grad/(p) = - / expp ^(g) d/x(g) . 
Jh 

Proof. See [BKl p. 132]. □ 
Lemma C.2. For each p, the linear map 

L:ve TpM ^ V„ grad/(p) e TpM 
(given by covariant derivative) is bounded and has a bounded inverse. 

^^Defined by the relation Tfp{v) = {grad /(p), ti). 
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Proof. We have grad/ = /^^gd^(g), where is the vector field S,q{p) = 
~exp~^{q). For each q and p, the Unear map v G TpM Vt,^g(p) G TpM 
is symmetric and > id; see [Karcl p. 172, 188]. Integrating over g, we conclude 
that L is sclf-adjoint and > id. Now wc need the following fact: 

Claim. Let L be a bounded symmetric operator on real Hilbert space such that 
L > id. Then L is invertible, with a bounded inverse. 

Proof of the Claim. Let c > and estimate 

\\{id-cL)vf = {v,v) - 2c{Lv,v) +c^{Lv,Lv) < {l - 2c + c^\\Lf) \\vf. 

So if c is small enough, then j|id — cLjl < 1. In particular, —cL is invertible, and 
so is L. □ 

The lemma follows. □ 



Proof of Lemma \3.A . Define a one-parameter family of vector fields {t G /) 
on H by 



If 

Ct(p) = -^y^ cxpp\/i(t,s))ds. 



Then h{t) is the unique solution of £,tih{t)) — 0. To deduce differentiability of h 
from the Implicit Function Theorem, it is sufficient to check that for each t G H 
and p E H, the linear map v G TpM i— >■ V„^t(p) G TpM (given by covariant 
derivative) is invertible (with a bounded inverse) - see jBK[ p. 143] for details. 
But this was proved in Lemma IC.2l above. □ 

Remark C.3. Another approach to the differentiability of the barycentcr is to 
consider bary centers in the tangent bundle TH; see |ALj . < 
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